We consider an asymptotically free vectorial gauge theory, with gauge group G and N f fermions in a representation R of G, having an infrared (IR) zero in the beta function at αIR. We present general formulas for scheme-independent series expansions of quantities, evaluated at αIR, as powers of an N f -dependent expansion parameter, ∆ f . First, we apply these to calculate the derivative dβ/dα evaluated at αIR, denoted β ′ IR , which is equivalent to the anomalous dimension of the Tr(Fµν F µν ) operator, to order ∆ 
I. INTRODUCTION
The evolution of an asymptotically free gauge theory from the ultraviolet (UV) to the infrared is of fundamental importance. The evolution of the running gauge coupling g = g(µ), as a function of the Euclidean momentum scale, µ, is described by the renormalization-group (RG) beta function [1], β g = dg/dt or equivalently,
where α(µ) = g(µ) 2 /(4π) and dt = d ln µ (the argument µ will often be suppressed in the notation). Here we consider an asymptotically free (AF) vectorial gauge theory with non-Abelian, Yang-Mills gauge group G and N f copies (flavors) of fermions ψ j , j = 1, ..., N f transforming according to the representation R of G. We take the fermions to be massless, since a massive fermion with mass m 0 would be integrated out of the effective field theory at scales µ < m 0 [2] and hence would not affect the infrared limit µ → 0 that we study here.
In an asymptotically free theory with sufficiently large fermion content, the beta function has an infrared zero at α IR that controls the UV to IR evolution. Here we consider vectorial theories of this type. As the scale µ decreases from large values in the UV to small values in the IR, α(µ) approaches α IR as µ → 0. The properties of the theory at this IR zero of the beta function are of considerable interest. If this IR zero of the beta function occurs at sufficiently weak coupling so that the gauge interaction does not produce any spontaneous chiral symmetry breaking (SχSB), then it is an exact IR fixed point (IRFP) of the renormalization group. The theory thus exhibits scale invariance with anomalous dimensions for various (gauge-invariant) operators. In this infrared limit, the theory is in a chirally symmetric, deconfined, non-Abelian Coulomb phase (NACP). If, on the other hand, as µ decreases and α(µ) increases toward α IR , there is a scale µ = Λ at which α(µ) exceeds a critical value, denoted α cr , then the gauge interaction produces a nonzero chiral condensate, with associated spontaneous chiral symmetry breaking and dynamical mass generation for the fermions. These fermions are thus integrated out of the low-energy effective field theory that is operative for µ < Λ. In this case, α IR is only an approximate IRFP. We define N f,cr to be the critical value of N f such that if N f > N f,cr , then the (asymptotically free) theory does not undergo spontaneous chiral symmetry breaking. At the two-loop (2ℓ) level, α IR,2ℓ = −4πb 1 /b 2 , where b ℓ denotes the ℓ-loop coefficient in the beta function (see Eqs. (2.1) and (2.5) below), and since b 1 [3] and b 2 [4] are independent of the scheme used for regularization and renormalization of the theory [5] , it follows that α IR,2ℓ is also scheme-independent.
Physical quantities evaluated at an infrared fixed point of the renormalization group at α = α IR are of basic interest. Since these are physical, their exact values must be scheme-independent. In conventional computations of these quantities, first, one expresses them as series expansions in powers of α, calculated to n-loop order; second, one computes the IR zero of the beta function, denoted α IR,n , to the same n-loop order; and third, one sets α = α IR,n in the series expansion for the given quantity to obtain its value at the IR zero of the beta function to this n-loop order. However, these conventional series expansions in powers of α, calculated to a finite order, are scheme-dependent beyond the leading one or two terms. Specifically, the terms in the beta function are scheme-dependent at loop order ℓ ≥ 3 and the terms in an anomalous dimension are scheme-dependent at loop order ℓ ≥ 2. Indeed, as is well-known, the presence of scheme-dependence in higher-order perturbative calcula-tions is a general property in quantum field theory.
Clearly, it would be very valuable to have a calculational framework in which these physical quantities evaluated at α = α IR are expressed as a series expansion such that at every order in this expansion the result is scheme-independent. A key point that was noted early on [3, 4, 6] is that α IR becomes small as the number N f of fermions increases toward the value N f,b1z (given below in Eq. (2.4)) at which the one-loop term in the beta function, b 1 , passes through zero. At the two-loop level, α IR ∝ ∆ f , where
(1.2)
Indeed, in a theory with G = SU(N c ) and fermions in the fundamental representation, in the limit N c → ∞ and N f → ∞ with N f /N c fixed, α IR can be made arbitrarily small. Hence, one can envision reliable perturbative calculations of series expansions for physical quantities at this IRFP [4, 6] and, in particular, series expansions of these quantities in powers of ∆ f for reasonably small ∆ f [7] . Because ∆ f is obviously scheme-independent, it follows that this perturbative series expansion in powers of ∆ f is scheme-independent. Some early work on this was reported in [7, 8] . Recently, in [9] , a procedure for calculating the coefficients of this scheme-independent expansion was given for the anomalous dimension of the (gauge-invariant) fermion bilinear at the IR zero of the beta function, and the coefficients in this expansion were calculated up to order ∆ 3 f in a vectorial asymptotically free gauge theory with gauge group G and N f fermions in a representation R. This work also presented an analogous calculation for a theory with N = 1 supersymmetry to order ∆ 2 f . The results were then evaluated in the case of SU(N c ) with fermions in the fundamental (F ) representation, R = F , with Young tableau . In [10] , for G = SU (3) and R = F , we calculated the n-loop value of the squared coupling, α IR,nℓ and the resultant value of γψ ψ to five-loop order, and in [11] we calculated the scheme-independent expansion of γψ ψ for the representations R is theory to order ∆ 4 f , using five-loop inputs, and performed an extrapolation to infinite order in ∆ f to estimate the exact value of γψ ψ as a function of N f . The improvement in the knowledge of the anomalous dimension γψ ψ obtained from the scheme-independent series expansions in [9, 11] is valuable not only for general fieldtheoretic purposes, but also because theories with large anomalous dimensions of fermion bilinears may be relevant for ultraviolet completions of the Standard Model. Indeed, there has been considerable interest in theories that might produce large γψ ψ ∼ O(1) associated with an IR zero of the beta function and resultant quasiconformal behavior [12] . In [11] we also compared our results with recent lattice measurements of γψ ψ .
In this paper we report a number of new results on scheme-independent series expansions in powers of ∆ f . As noted, we consider an asymptotically free vectorial gauge theory with gauge group G and N f fermions in the representation R. First, we present general formulas for coefficients in the scheme-independent expansion in powers of ∆ f of an arbitrary (gauge-invariant) physical quantity evaluated at α IR . We calculate the schemeindependent expansion of the derivative of the beta function, β ′ = dβ/dα, evaluated at α IR , denoted β ′ IR , to order ∆ 4 f . As a consequence of the trace anomaly relation, in a theory with massless fermions, β ′ IR is equivalent to γ F 2 ,IR , the anomalous dimension, evaluated at α IR , of the operator Tr(F µν F µν ), where F a µν is the nonAbelian Yang Mills field-strength tensor. For the special case where the gauge group is SU(3) and the fermions are in the fundamental (triplet) representation, we compute this expansion to order ∆ 5 f . This SU(3) theory corresponds to quantum chromodynamics (QCD) with N f massless quarks. For general G and R, we calculate the scheme-independent expansion coefficients to order ∆ 3 f for the anomalous dimension, evaluated at α IR , of the flavor-nonsinglet and flavor-singlet fermion bilinear Dirac tensor operators. Since the ∆ f expansion starts at the upper end of the non-Abelian Coulomb phase (NACP) at ∆ f = 0, i.e., N f = N f,b1z , and extends downward in N f with increasing ∆ f , we focus mainly on the infrared behavior in the NACP. We show that our scheme-independent calculations of the anomalous dimensions of Tr(F µν F µν ) and fermion bilinear operators in the non-Abelian Coulomb phase obey respective rigorous upper bounds for conformally invariant theories. As part of our analysis, we compare results for various quantities calculated via the scheme-independent expansion with results calculated via a conventional higherloop scheme-dependent expansion. Further, for the case with G = SU(N c ) and fermions in the fundamental representation, we discuss the limit N c → ∞ and N f → ∞ with N f /N c fixed and finite. From ratios of schemeindependent expansion coefficients for β ′ IR , γψ ψ,IR and the anomalous dimension of the fermion bilinear antisymmetric Dirac tensor operator, we show, in agreement with, and extending [9] , that the scheme-independent ∆ f expansion should be reasonably accurate in the nonAbelian Coulomb phase. As with our earlier work, the present study is motivated by the value of the new results for a basic understanding of the renormalization-group evolution of asymptotically free gauge theories, and also may be relevant to ultraviolet completions of the Standard Model.
The paper is organized as follows. Some relevant background and methods are discussed in Section II. In Section III we present explicit formulas for the calculations of certain coefficients (a n and k n in Eqs. (3.1) and (3.3)) that are needed for the rest of our work. General scheme-independent expansion formulas for anomalous dimensions of operators are given in Section IV. In this section we also discuss rigorous upper bounds on anomalous dimensions in a conformally invariant theory and their application here. We give our new results on scheme-independent calculations of β ′ IR in Section V. In Section VI we extend the analysis of the schemeindependent expansion of the anomalous dimension for the m = 0 fermion bilinear previously studied in [9] and [11] with several new results. These include calculations for the limit N c → ∞, N f → ∞ with N f /N c fixed and analyses of Padé approximants, with comparison to scheme-dependent higher-loop conventional calculations. Section VII presents scheme-independent calculations of the anomalous dimension for the fermion bilinear (flavornonsinglet and flavor-singlet) antisymmetric rank-2 Dirac tensor operator. Our conclusions are given in Section VIII and some auxiliary formulas are listed in Appendix A.
II. BACKGROUND AND METHODS
The beta function of this theory has the series expansion
ℓ , and we extract a minus sign for convenience, so b 1 > 0 for asymptotic freedom. For analysis of an IR zero of β, it is convenient to extract the α 2 factor that gives rise to the UV zero at α = 0 and define a reduced (r) beta function
The n-loop (nℓ) beta function, denoted β nℓ and reduced beta function, denoted β r,nℓ are obtained from the respective Eqs. (2.1) and (2.3) by changing the upper limit on the ℓ-loop summation from ∞ to n. As noted above, b 1 and b 2 are scheme-independent (SI), while the b ℓ with ℓ ≥ 3 are scheme-dependent (SD) [5] . For a general gauge group G and fermion representation R, the coefficients b 1 and b 2 were calculated in [3] and [4] , and b 3 and b 4 were calculated in [13] and [14] (and checked in [15] ) in the commonly used mass-independent MS scheme [16] . Recently, for G = SU(3) and R = F , b 5 was calculated in [17] . For reference and to show our normalizations explicitly, b 1 and b 2 are listed in Appendix A. As N f increases, b 1 decreases through positive values and vanishes with sign reversal at N f = N f,b1z , where
(the subscript b1z means "b 1 zero"), where C A and T f are group-theoretic invariants [18, 19] . The asymptotic freedom condition therefore implies the upper bound N f < N f,b1z . We denote the interval 0 ≤ N f < N f,b1z as I AF .
For N f close to, but less than, N f,b1z , b 2 < 0, so the two-loop beta function has an IR zero, at the value
In general, the n-loop beta function has a double UV zero at α = 0 and n − 1 zeros away from the origin. Among the latter, the smallest (real, positive) zero, if such a zero occurs, is the physical IR zero, denoted α IR,nℓ . As N f decreases from N f,b1z , b 2 passes through zero to positive values as N f passes through the value
Hence, with N f formally extended from nonnegative integers to nonnegative real numbers [19] , β 2ℓ has an IR zero (IRZ) for N f in the interval
We denote this interval as I IRZ .
As N f decreases in this interval, α IR,2ℓ increases toward strong coupling. Hence, to study the IR zero for N f toward the middle and lower part of I IRZ with reasonable accuracy, one requires higher-loop calculations. These were performed in [20] - [27] for α IR,nℓ and for the anomalous dimension of the fermion bilinear operator. Clearly, a perturbative calculation of the IR zero of β nℓ is only reliable if the resultant α IR,nℓ is not excessively large. Moreover, since the b ℓ with ℓ ≥ 3 are schemedependent, it is also incumbent upon one to ascertain the degree of sensitivity of the value obtained for α IR,nℓ for n ≥ 3 to the scheme used for the calculation. This task was carried out in [28] - [31] . One way to do this is to perform the calculation of α IR,nℓ in one scheme, say MS, apply a scheme transformation to obtain the value of α IR,nℓ in another scheme, and compare how close the two values are. As we discussed in [28] - [29] , an acceptable scheme transformation function must satisfy a set of conditions, and although these are automatically satisfied in the local vicinity of the origin, α = 0 (as in optimized schemes for perturbative QCD calculations), they are not automatically satisfied, and indeed, are quite restrictive conditions, when one applies the scheme transformation at an IR zero away from the origin. Anomalous dimensions of composite fermion operators for G = SU(3) have been calculated in [32] .
The one-loop coefficient b 1 is a polynomial of degree 1 in N f and the higher-loop coefficients b ℓ with ℓ ≥ 2 are polynomials of degree ℓ − 1 in N f . Let us define (2.8) and, for r ≥ 1,
Then one has the scheme-independent results
(which is equivalent to the definition of N f,b1z ),
where
and
It is convenient to introduce the definition (2.13), since powers of D occur in the denominators of the schemeindependent expansion coefficients of anomalous dimensions of bilinear fermion Dirac tensor operators and of dβ/dα evaluated at the IR zero of the beta function. Thus, one has the finite Taylor series expansions
and, for ℓ ≥ 2, 17) where r max (1) = 1 and r max (ℓ) = ℓ − 1 if ℓ ≥ 2. It will also be useful to recall some basic properties of the theory regarding global flavor symmetries. Because the N f fermions are massless, the Lagrangian is invariant under the classical global chiral flavor (f l) symmetry
(where V and A denote vector and axial-vector). The U(1) V represents fermion number, which is conserved by the bilinear operators that we consider. The U(1) A symmetry is broken by instantons, so the actual nonanomalous global flavor symmetry is
This G f l symmetry is respected in the (deconfined) nonAbelian Coulomb phase, since there is no spontaneous chiral symmetry in this phase. As noted before, we focus on this phase in the present work, since the (schemeindependent) ∆ f expansion starts from the upper end of the interval I IRZ in this phase where α IR → 0 as ∆ f → 0. In contrast, in the phase with confinement and spontaneous chiral symmetry breaking, the gauge interaction produces a bilinear fermion condensate, which can be written as N f j=1ψ j ψ j , and this breaks G f l to SU(N f ) V ⊗ U(1) V .
III. CALCULATION OF THE SERIES EXPANSION COEFFICIENTS kn AND an
We know that the exact α IR (and also the n-loop approximation to this exact α IR ) vanishes (linearly) as a function of ∆ f and that it is analytic at ∆ f = 0, so we can expand it, or equivalently, a IR = α IR /(4π), as a series expansion in this variable, ∆ f . We write
(Note that a j as defined here is equal to a j /2 in terms of the a j in Eq. (8) 
The results for the first three k n were given in [9] and are:
3 .
(3.6) From Eq. (3.3), it follows that the coefficient a n occurs linearly in the expression for k n , in the single term a n b (0) 2 [9] . To further show the structural forms of the k n , we give k 4 and k 5 here:
In addition to the property that k n contains a term a n b
2 , we remark on two other general properties of the k n : (i) k n contains a term a
n+1 (which coincides with the term a n b (0) 2 if n = 1) and (ii) if n ≥ 2, then k n contains a term −a n−1 b (1) 2 . Next, one observes that in Eq. (3.3), since ∆ f is variable, this implies that the coefficients k n of each power ∆ n f must vanish individually. One can solve the equations k n = 0 for the a n . The solutions are unique because of the property that a n occurs linearly in k n . The solutions for the a n with with 1 ≤ n ≤ 3 were given in [9] . Thus, the equation k 1 = 0 yields
One then substitutes this into the equation k 2 = 0 and solves for a 2 , obtaining
One then proceeds iteratively in the manner, substituting the solutions for the a k with 1 ≤ k ≤ n−1 in the equation k n = 0 and solving for a n . For a 3 , this yields
In general, a n depends on the b ℓ coefficients for 1 ≤ ℓ ≤ n + 1. The a n with 1 ≤ n ≤ 3 were all the coefficients of this type that were needed in [9] since the b ℓ have only been computed for a general gauge group G and fermion representation R up to ℓ = 4 loop order. These a n have a factorized structure with a prefactor a n ∝ b
In [11] we also calculated and presented the result for a 4 for the specific case G = SU(3) and fermion representation R = F , since we were using the recent calculation of the five-loop coefficient b 5 for this case in [17] . Here we give the general result for a 4 for arbitrary gauge group G and fermion representation R:
In the same manner, we have calculated a 5 by substituting our solutions for the a k with 1 ≤ k ≤ 4 in Eq. (3.8),
and so forth for higher a k .
IV. SCHEME-INDEPENDENT SERIES EXPANSION FOR ANOMALOUS DIMENSIONS AT αIR
Let us consider a (gauge-invariant) operator O. Because of the interactions, the full scaling dimension of this operator, denoted D O , differs from its free-field value, D O,free :
where γ O is the anomalous dimension of the operator [33] . Since γ O arises from the gauge interaction, it can be expressed as a power series about a = 0:
where c O,ℓ is the ℓ-loop coefficient. The exact anomalous dimension γ O evaluated at a zero of the exact beta function, denoted γ O,IR , is a physical quantity and hence is scheme-independent. This was shown formally for the fermion bilinear operator O =ψψ in [5] , and the proof given there can be straightforwardly extended to other (gauge-invariant) operators O. However, this scheme-independence is not preserved in a finite-order perturbative calculation, owing to the scheme-dependence of the b ℓ for ℓ ≥ 3 and of the c O,ℓ for ℓ ≥ 2.
As mentioned above, a method for calculating γψ ψ,IR as a perturbative series expansion in powers of ∆ f was presented in [9] , with the important property that at each order of the expansion the resulting approximation to γψ ψ,IR is scheme-independent. We can calculate a scheme-independent series expansion in powers of ∆ f for the anomalous dimension γ O of a general (gaugeinvariant) operator O, evaluated at α IR by taking the series (4.2) and inserting the expansions of c O,ℓ and a IR as functions of ∆ f . An advantage of this type of series expansion is that since ∆ f is scheme-independent, so is the expansion for γ O , in contrast to the expression of γ O as a series in powers of α IR,nℓ .
We proceed to give a generalization of the results of [9] for the anomalous dimension of an arbitrary (gaugeinvariant) operator O in an asymptotically free gauge theory with gauge group G and N f fermions in the representation R, evaluated at α IR . We denote this anomalous dimension as γ O,IR . Specifically, we present a general method for calculating a series expansion of γ O,IR in powers of ∆ f .
We begin with the series expansion (4.2) and substitute the series expansions for the c O,ℓ and for a IR . Let
and, for r ≥ 1,
We denote the value of γ O,IR obtained from this series calculated to order O(∆ p f ), i.e., from the last line of Eq. (5.7) with the upper limit of the summand changed from
etc. for κ O,n with n ≥ 5. To calculate κ O,n , one needs to know the a j and c j for 1 ≤ j ≤ n. These κ O,n have the following general properties: (i) κ O,n contains the term a n c
O,1 and (ii) κ O,n contains the term a
O,n (which coincides with (i) if n = 1).
A relevant question concerns the range of applicability of the scheme-independent series expansion (4.5). We address this question here. As noted above, our analysis in this paper is focused on the non-Abelian Coulomb phase, since there is no spontaneous symmetry breaking in this phase, and hence a zero of the beta function is an exact IR fixed point of the renormalization group. This means that the theory at this fixed point is scale-invariant. A number of studies have concluded that in this case of an exact IRFP in this asymptotically free gauge theory, scale invariance implies the larger symmetry of conformal invariance [34, 35] .
We will use several methods to assess the range of validity of the (scheme-independent) small-∆ f expansion. A general comment is that the properties of the theory change qualitatively as N f decreases through the value N f,cr and spontaneous chiral symmetry breaking occurs and the fermions gain dynamical masses. In the (chirally symmetric) non-Abelian Coulomb phase with N f,cr < N f < N f,b1z is clearly qualitatively different from the confined phase with spontaneous chiral symmetry breaking at smaller N f below N f,cr . Therefore, one does not, in general, expect the small-∆ f series expansion to hold below N f,cr . Estimating the range of applicability of this expansion is thus connected with estimating the value of N f,cr .
For this purpose, as in our previous work [9, 22, 24] , we can apply a rigorous upper bound on the anomalous dimension of an operator from the unitarity of a conformal field theory. If the approximate calculation of the anomalous dimension of a given quantity at a fixed value of ∆ f , computed up to order ∆ p f , yields a value that exceeds this upper bound, then we can infer that the calculation is not applicable at this value of ∆ f or equivalently, N f . In particular, this can give information on the extent of the non-Abelian Coulomb phase and the value of N f,cr . This bound is applicable whether or not the coefficients κ O,n are all of the same sign, but it is most useful if these coefficients do have the same sign, since in this case for a fixed ∆ f the anomalous dimension is a monotonic function of the order to which the small-∆ f series expansion is calculated.
A second method that we shall use to estimate the range of applicability of the series expansions in powers of ∆ f is the ratio test. If a function f (z) has a Taylor series f (z) = ∞ n=1 s n z n , then the ratio test states that the series is (absolutely) convergent if |z| < z 0 , where
Our application of the ratio test here is only intended to give a rough estimate of this range of applicability of the ∆ f series expansion since (i) we do not assume that the ∆ f expansion is a Taylor series expansion, and (ii) with only a few terms in the series for a given quantity, we can compute only a few ratios of adjacent coefficients. Finally, a third method that we shall use is to calculate [p, q] Padé approximants to the ∆ f series expansions. As rational functions of ∆ f , the approximants with q ≥ 1 have poles, and the nearest poles to the origin give one estimate of the range of validity of the expansions.
A. Upper Bound on Anomalous Dimensions
We now state and apply the upper bound on the anomalous dimension of an operator in a theory with scale invariance or conformal invariance. Recall that a (finite-dimensional) representation of the Lorentz group is specified by the set (j 1 , j 2 ), where j 1 and j 2 take on nonnegative integral or half-integral values [36] . A Lorentz scalar operator thus transforms as (0, 0), a Lorentz vector as (1/2, 1/2), an antisymmetric tensor like the field-strength tensor F a µν as (1, 0) ⊕ (0, 1), etc. Then the requirement of unitarity in a scale-invariant theory (in four spacetime dimensions) requires that the full dimension D O of an operator (other than the identity) must satisfy the lower bound [35] 
With the definition (4.1), this is equivalent to the upper bound on the anomalous dimension
The case (j 1 , j 2 ) = (0, 0) includes the Lorentz scalar operators F a µν F a µν , and the flavor-nonsinglet and flavorsinglet fermion bilinear operatorsψT b ψ andψψ, where here T b is an element of the Lie algebra of the global flavor symmetry group SU(N f ). Hence, first, since D F 2 ,free = 4, it follows from (4.12) that the anomalous dimension of the F a µν F a µν , evaluated at α IR , must satisfy
Second, (4.12) implies that the (equal) anomalous dimensions of the flavor-nonsinglet and flavor-singlet fermion bilinear operatorsψT b ψ andψψ evaluated at α IR , denoted γψ ψ,IR , must satisfy
14)
The flavor-nonsinglet and flavor-singlet fermion bilinear antisymmetric rank-2 Dirac tensor operators proportional toψT b σ µν ψ andψσ µν ψ to be analyzed below correpond to the case (j 1 , j 2 ) = (1, 0) ⊕ (0, 1) (as is clear from the fact that they can couple to the non-Abelian field-strength tensor to form a Lorentz scalar). Hence, with j 1 + j 2 = 1 for (j 1 , j 2 ) = (1, 0) or (0,1), the bound (4.12) implies that the (equal) anomalous dimensions of these operators evaluated at α IR , denoted γ T ,IR , must satisfy
We have applied the upper bound (4.14) in our previous calculations of γψ ψ,IR,nℓ at the n-loop level, up to n = 4 loops [9-11, 22, 26, 27] . We have also applied a corresponding upper bound in [9, 24, 27] on the anomalous dimension of the (gauge-invariant) bilinear chiral superfield operator ΦΦ in a vectorial asymptotically free gauge theory with gauge group G, N = 1 supersymmetry, and N f pairs of chiral superfields Φ j andΦ j , 1 ≤ j ≤ N f , transforming according to the representations R andR of G [24, 27] . A theory of particular interest is the case R = F ; here, N f,b1z = 3N c and the lower end of the conformal phase is known, namely N f,cr = (3/2)N c [37, 38] (which is integral and hence physical if N c is even). This theory corresponds to supersymmetric QCD with massless matter fields, and is often denoted SQCD. In this case, the upper bound is γψ ψ ≤ 1, and this is saturated at the lower end of the non-Abelian Coulomb phase. The scheme-independent expansion in [9] exhibited excellent agreement with this exact result.
A. Calculation to Order ∆ 4 f for General G and R An important property of an asymptotically free theory at an IR zero of the beta function (IRFP of the renormalization group) is is the derivative of this beta function
This is scheme-independent, as was proved in [5] [39] . In a theory with massless fermions, as considered here, the trace of the energy-momentum tensor, T µ µ , satisfies the relation [40] 
ν is the gluon field strength tensor [41] . Since the energy-momentum tensor is conserved, its anomalous dimension is zero, and its full dimension is equal to its free-field dimension, 4. Consequently, the full scaling dimension of the rescaled operator . From Eq. (5.3), it follows that at a zero of the beta function away from the origin, in particular, the IR zero of an asymptotically free gauge theory of interest here at α = α IR , the derivative β ′ IR is equivalent to the anomalous dimension of the operator F a µν F a µν [33] :
From Eq. (2.1), one obtains the conventional series expansion for β ′ IR in powers of α, or equivalently, a:
We denote β ′ IR,nℓ as the n-loop truncation of this infinite series. The two-loop value is scheme-independent [26] :
, (5.6) which is positive for N f ∈ I IRZ . However, at the level of n ≥ 3 loops, the quantity β ′ IR,nℓ is scheme-dependent.
This quantity was calculated up to the four-loop level in [26, 27] , using b 3 and b 4 computed in the MS scheme from [13, 14] (for SU(3), see also the four-loop study [44] ).
Here we calculate a scheme-independent expansion of β ′ IR in powers of ∆ f to order ∆ 4 f for general G and R and to the five-loop level, i.e., order ∆ 5 f , for SU(3). For general G and R, we substitute the expansions of b ℓ and a IR , as series in ∆ f , in Eq. (5.5) to obtain
We denote the value of β . The calculation of d n contains explicit dependence on the b ℓ for 1 ≤ ℓ ≤ n and on the a j for 1 ≤ j ≤ n − 1; since a j depends on b ℓ for 1 ≤ ℓ ≤ j + 1, it follows that the calculation of d n requires knowledge of b ℓ for 1 ≤ ℓ ≤ n. Since the b ℓ have been calculated for general gauge group G and fermion representation R up to four-loop level, we can thus calculate explicit expressions for the d n up to n = 4. For our calculation, in addition to the schemeindependent results for b 1 and b 2 [3, 4] , we have used the expressions for b 3 and b 4 calculated in the MS scheme in [13, 14] . However, we stress that it does not matter which scheme we use for b 3 and b 4 , because the resulting series expansion for β ′ IR in powers of ∆ f is scheme-independent. Substituting the b (r) ℓ and a j into these equations, we find the following results. First, 8) so that β ′ IR vanishes quadratically with ∆ f as ∆ f → 0, i.e., as N f → N f,b1z . For n ≥ 2, with the denominator factor D = 7C A + 11C f as defined in Eq. (2.13), we calculate
Here,
is the Riemann zeta function, the quantities C A , C f , T f are group invariants, and the contractions d
are additional grouptheoretic quantities given in [14] 
We note a general result on the signs of the first two nonzero coefficients in the scheme-independent expansion for β Table I for the case where G = SU(N c ).
In Table II , (5.14) [17] to carry out the scheme-independent calculation of β ′ IR to one order higher than for general G and R, namely to order ∆ 
to the indicated floating-point accuracy.
In Fig. 1 we plot the values of β ′ IR , calculated to order ∆ p f with 2 ≤ p ≤ 5. In the general calculations of γψ ψ,IR as a series in powers of ∆ f to maximal power p = 3 (i.e., order ∆ 3 f ) in [9] and, for G = SU(3) and R = F , to maximal power p = 4 in [11] , it was found that, for a fixed value of N f , or equivalently, ∆ f , in the interval I IRZ , these anomalous dimensions increased monotonically as a function of p. This feature motivated our extrapolation to p = ∞ in [9] to obtain estimates for the exact γψ ψ,IR . In contrast, here we find that, for a fixed value of N f , or equivalently, ∆ f , in I IRZ , as a consequence of the fact that different coefficients d n do not all have the same sign, β
is not a monotonic function of p. Because of this non-monotonicity, we do not attempt to extrapolate our series to p = ∞. Lattice measurements of γ (5.25) Therefore, these ratios suggest that the small-∆ f expansion may be reasonably reliable in most of this interval, I IRZ and the associated non-Abelian Coulomb phase. 
D. Calculation in the LNN Limit and Comparison with Conventional Calculation
For theories having gauge the group G = SU(N c ) with N f fermions in the fundamental representation of this group, i.e., R = F , it is of interest to consider the limit We will use the symbol lim LN N for this limit, where "LNN" stands for "large N c and N f " (with the constraints in Eq. (5.26) imposed). In this LNN ('t HooftVeneziano) limit we define the quantities
and (to the indicated floating-point accuracy). With I IRZ being N f,b2z < N f < N f,b1z , the corresponding interval in the ratio r is I IRZ,r : 34 13 < r < 11 2 , i.e., 2.615 < r < 5.5 (5.32)
We define the scaled scheme-independent expansion parameter for the LNN limit
and r c = lim
After these preliminaries, we now proceed to calculate the scheme-independent expansion of β ′ IR in this LNN limit (5.26) , and compare with the conventional calculation of this quantity. The beta function that is finite in this LNN limit is
where ξ = lim LN N αN c was defined in Eq. (5.26). This has the series expansion Since the derivative dβ ξ /dξ satisfies the relation 38) it follows that β ′ is finite in the LNN limit (5.26). In terms of the variable x defined in Eq. (5.27), we have
Because β ′ IR is scheme-invariant and is finite in the LNN limit, one is motivated to calculate the LNN limit of the scheme-independent expansion (5.7). For this purpose, in addition to the rescaled quantities ∆ r defined in Eq. (5.33), we define the rescaled coefficient 40) which is finite in the LNN limit. Then each term . This is the same property that was found in [26, 27] and, in the same way, it means that the approach to the LNN limit for finite N c and N f with fixed r = N f /N c is rather rapid, as discussed in [27] . We calculated 1 = 0 and We may again calculate ratios of successive magnitudes of these coefficients to get a rough estimate of the range over which the small-∆ r expansion is reliable in this LNN limit. We findd For r ∈ I IRZ,r , the maximal value of ∆ r is (∆ r ) max = 75 26 = 2.885 for r ∈ I IRZ,r . (5.49) Therefore, these LNN ratios suggest, in agreement with our analysis for SU(3) and R = F , that the small-∆ r expansion may be reasonably reliable over much of the interval I IRZ,r .
It is useful to compare these scheme-independent calculations of β ′ IR,LN N with the results of conventional nloop calculations, denoted β ′ IR,nℓ,LN N . These derivatives are computed from the n-loop truncation of the series in Eq. (5.39). As a special case of our remark below Eq. (5.5), we note that in calculating the n-loop truncation of the series (5.39) at the IR zero of the beta function, for n ≥ 3, one uses the property that and
both of which are positive for r ∈ I IRZ,r . The three-loop value of the IR zero of the beta function in the LNN limit, computed in the MS scheme, is [27] x IR,3ℓ
We calculate the three-loop result for β ′ IR , or equivalently the anomalous dimension of Tr(F µν F µν ), in the LNN limit, again in the MS scheme, to be
We compute the four-loop result β ′ IR,4ℓ in this scheme in a similar manner. In Table III we list the numerical values of these conventional n-loop calculations in comparison with our scheme-independent results calculated to O(∆ p f ) for 2 ≤ n ≤ 4 and 1 ≤ p ≤ 3. We see that, especially for r values in the upper part of the interval I IRZ,r , the results are rather close, and, furthermore, that, as expected, for a given r, the higher the loop level n and the truncation order p in the respective calculations of β ′ IR,nℓ in the MS scheme and the scheme-independent β ′ IR,∆ p f , the better the agreement between these two results. All of the entries shown in Table III In contrast to our results for the d n,SU(Nc),F , here all of the coefficients d n,SU(Nc),adj that we have calculated, for 1 ≤ n ≤ 4, are positive. These signs are recorded in Table I . With these coefficients, one can again compute ratios to obtain a crude idea of the region over which the small-∆ f series expansion is reliable. We have These ratios are consistent with the inference that the small-∆ f expansion may again be reasonably accurate in the interval I IRZ and for the corresponding value N f = 2 in this theory.
VI. ANALYSIS OF SCHEME-INDEPENDENT EXPANSION COEFFICIENTS FOR γψ ψ,IR
A. Review of Calculation to O(∆ 3 f ) for General G and R We consider the (gauge-invariant) flavor-nonsinglet (f ns) and flavor-singlet (f s) bilinear fermion operators 
We will often suppress the flavor indices and write these simply asψT b ψ andψψ. These have the same anomalous dimension (e.g., [46] ), which we denote as γψ ψ .
(Thus, one may simply consider the operatorψ j ψ j with no sum on j, but here we shall refer to J 0,f ns and J 0,f s .) The operator J 0,f ns has the chiral decomposition
in the non-Abelian
Coulomb phase where the flavor symmetry is (2.19), one may regard the T b in the termψ L T b ψ R acting to the right as an element of SU(N f ) R and acting to the left as an element of SU(N f ) L . The usual series expansion of γψ ψ in powers of α, or equivalently, a, is
where c ℓ is the ℓ-loop coefficient. For general G and R the coefficients c ℓ have been calculated up to ℓ = 4 loop level [47] (earlier work includes [48] ) and for the special case G = SU(3) and R = F , c 5 has been calculated [49] . The scheme-independent expansion of γψ ψ can be written as
We denote the truncation of this sum to maximal power n = p as γψ ψ,IR,∆ p f
. For a general asymptotically free vectorial gauge theory with gauge group G and N f fermions in an arbitrary representation R, the coefficients κ n were given in [9] up to order n = 3, yielding the expansion of γψ ψ,IR to order ∆ 3 f . For reference, we display the κ n coefficients from Ref. [9] (with the denominator factor D given in Eq. (2.13)): 6) and
B. Evaluation of κn for G = SU(Nc) and R = F For the case where the N f fermions are in the representation R = F , these results (6.5)-(6.7) from [9] take the following forms: We find that these coefficients κ n,SU(Nc),F with 1 ≤ n ≤ 3 are positive-definite for all physical N c ≥ 2. This is obvious for n = 1, 2, and an examination of the polynomial in square brackets in Eq. (6.10), of degree 8 in N f , proves the result for n = 3. In Ref. [9] the ratio test was applied to the first three coefficients, κ SU(3),F,n , n = 1, 2, 3 and the excellent convergence was noted. Here, using our calculation of κ SU (3) Since the maximal value of ∆ f in the interval I IRZ is 8.447 (see Eq. (5.25)), these ratios suggest, as noted in [9] and in agreement with our earlier calculation of coefficient ratios for β ′ IR , that the small-∆ f expansion may be reasonably reliable over much of the interval I IRZ .
The positivity of the κ SU(3),F,n for 1 ≤ n ≤ 3 is in agreement with our more general positivity results given above, and, as we noted in [11] , we also found that κ SU(3),F,4 is positive. These signs are recorded in Table I . The positivity of all of these coefficients played an important role in our analysis in [11] because it meant that for a given value of N f , or equivalently, ∆ f , the value of γψ ψ calculated to O(∆ n f ), denoted γψ ψ,∆ n f , is a monotonically increasing function of n over the full range 1 ≤ n ≤ 4 that we calculated. We then conjectured that this positivity would be true for all n, i.e., we conjectured that κ n > 0 for all n ≥ 1. Assuming the validity of this conjecture, we then computed the extrapolation to n → ∞ for an exact γψ ψ,IR in the SU(3) theory with R = F . A generalization of our conjecture in [11] that is motivated by our present results is that, in the notation of Eqs. (6.11)-(6.14), κ n,SU(Nc),F > 0 for all n ≥ 1 and all N c ≥ 2. Importantly, in [11] we noted that, if this monotonicity property holds, then, combining it with the upper bound γψ ψ,IR < 2, one would infer that if γ IR saturates its upper bound (4.14) as N f decreases and passes through the value N f,cr at the lower end of the non-Abelian Coulomb phase, it would follow from our extrapolated values of γψ ψ,IR that 8 < N f,cr < 9. Here one must mention the caveat that it is not known if, in fact, γ IR saturates its upper bound in this way as N f ց N f,cr . Indeed, the nature of the transition as N f decreases through N f,cr has not been definitely established. Analyses via SchwingerDyson equations suggested that, as N f ր N f,cr from within the phase with confinement and chiral symmetry breaking, the fermion condensate ψ ψ could vanish with an essential zero [50] . Some insight into this may be derived from the known results in SQCD. In SQCD, as noted above, the upper bound is γψ ψ,IR < 1 and is saturated at the lower end of the non-Abelian Coulomb phase [37, 38] .
In the case G = SU(3) and R = F , one of the major values of the five-loop calculation of γψ ψ,IR in [10] and the scheme-independent calculations of γψ ψ,IR to order ∆ 3 f in [9] and to order ∆ 4 f in [11] , with the additional analysis here, is the comparison of these results with fully nonperturbative lattice measurements of this anomalous dimension [51] . (Since our discussion here is on the operatorψψ and the gauge group SU(3), when there is no danger of confusion, we omit these subscripts in theψψ anomalous dimension.) A number of lattice groups have obtained data and carried out analyses of these data for the SU(3) theory with N f = 12 fermions with R = F . These groups have reported the following values: γ IR = 0.414 ± 0.016 [52] , γ IR ∼ 0.35 [54] , γ IR ≃ 0.4 [55] , γ IR = 0.27(3) [61] , γ IR ≃ 0.25 [62] , γ IR = 0.235(46) [56] , and 0.2 < ∼ γ < ∼ 0.4 [57] . (For comparative discussions of these different results and estimates of overall uncertainties, the reader is advised to consult the reviews in [51] and the original papers [52] - [57] .) As we noted in [11] , our value γ IR,∆ 4 = 0.338 and our extrapolated γ IR = 0.40 are consistent with this range of lattice measurements, taking into account the different methods of lattice data analysis used and are somewhat higher than the five-loop value γ IR,5ℓ = 0.255 from the conventional α series that we obtained in [10] . The γ IR,5ℓ = 0.255 value in [10] is in very good agreement with the measured values of γ IR reported in [61] - [56] .
There have also been lattice studies of the SU(3) theory with N f = 10 [58] and N f = 8 [51, 59, 60] . For the SU(3) theory with N f = 10 fermions, our scheme-independent calculation presented in [11] and discussed further here gives γψ ψ,IR,∆ 4 f = 0.615 and our extrapolation to infinite order in the ∆ f expansion yields γψ ψ,IR = 0.95(6), consistent with estimates that γψ ψ,IR ∼ 1 from lattice studies [51, 58] . In the SU(3) theory (with N f fermions in the representation R = F ), the lower end of I IRZ occurs at N f,b2z = 8.047, but one may still formally consider the results of the small-∆ f expansion evaluated at N f = 8.
In
. These are again consistent with the rough estimates γψ ψ,IR ∼ 1 from lattice studies [51, 59, 60] . There is not yet a consensus on the value of N f,cr from lattice studies [51] . In this context, one should keep in mind that for N f < N f,cr , there is spontaneous chiral symmetry breaking, so the IR zero of the beta function is only approximate, since the theory flows away from this value as the fermions gain dynamical mass and are integrated out, leaving a pure gluonic low-energy effective field theory. For such a theory, the quantity extracted from either continuum or lattice analyses as γψ ψ,IR is only an effective anomalous dimension that describes the renormalization-group behavior as the theory is flowing near to the approximate zero of the beta function.
In the case R = adj, the general results in [9] reduce as follows: The positive signs of these κ n,SU(Nc),adj coefficients are recorded in Table I .
E. Comparison of Scheme-Independent Calculation of γψ ψ,IR with Conventional Calculations
It is of considerable interest to compare the results obtained in [9] for the scheme-independent expansion of γψ ψ,IR to order O(∆ 3 f ) (using calculations of the b n to n = 4 loop order and c n to n = 3 loop order) with results obtained previously with the conventional calculation of the n-loop γψ ψ,IR,nℓ in powers of the n-loop α IR,nℓ in [22] (using calculations of the b n and c n up to n = 4 loop order). Here and below, for specific calculations we take the gauge group to be SU(N c ) with various values of N c . For notational brevity, in this section we will often leave the subscriptψψ implicit on these and other quantities and thus write γ IR ≡ γψ ψ,IR , γ IR,nℓ ≡ γψ ψ,IR,nℓ , κ n ≡ κψ ψ,n , etc. in this and the next section. Since γ IR,nℓ is scheme-dependent beyond the lowest order, one must choose a scheme for this comparison. Here we choose the widely used MS scheme, for which b 3 and b 4 and c n for 2 ≤ n ≤ 4 were calculated for a general gauge group G and fermion representation R [13] [14] [15] [47] . In the special case of G = SU(3) and R = F , using the recent calculations of the five-loop coefficients b 5 and c 5 in the MS scheme, we computed γ IR,nℓ up to n = 5 loop level [10] in this MS scheme and performed a scheme-independent calculation up to order ∆ 4 f [11] . For this special case we compared the results obtained via these two different approaches. Here we carry out a similar comparison for other SU(N c ) theories. The schemeindependent expansion of γ IR has the form (6.4). We denote the value of γ IR obtained from this series calcu-
As discussed above, our discussion is restricted to the interval I IRZ of values of N f , given in Eq. (2.7), for which the (scheme-independent) two-loop beta function has an IR zero. Using the results for the lower and upper ends of this interval, N f,b2z and N f,b1z from Eqs. (2.4) and (2.6), one has, for (N f,b1z , N f,b2z ), the respective values (5.55, 11), (8.05, 16.5), and (10.61, 22) for N c = 2, 3, 4 [19] , and hence the physical intervals I IRZ with integral N f : 6 ≤ N f ≤ 10 for SU(2), 9 ≤ N f ≤ 16 for SU(3), and 11 ≤ N f ≤ 21 for SU(4). Our results for these three illustrative values of N c are listed in Table IV . For the special case N c = 3, we have carried these calculations one order higher, namely to five-loop level and to order ∆ 4 f in [10, 11] . Since the calculation of κ n and the resultant γ IR,∆ n f uses information from the (n+1)-loop beta function from (2.1) and the n-loop expansion of γ in (4.2), it is natural to compare the (SI) γ IR,∆ n f with the (SD) γ IR,n ′ ℓ for n ′ = n and n ′ = n + 1. Since γ IR,∆ n f includes n-loop information about γ IR,nℓ , one would expect the closest agreement between γ IR,∆ n f and γ IR,nℓ , and our results confirm this expectation. In the upper and middle part of the interval I IRZ for a given N c , we find that γ IR,∆ n f is slightly larger than γ IR,3ℓ , with the difference increasing as N f decreases below N f,b1z , i.e., as ∆ f increases.
We recall the upper bound (4.14) that applies at an IRFP in the non-Abelian Coulomb phase, based on the scale invariance and inferred conformal invariance in this phase. The bound (4.14) also applies, for a different reason, in the phase with confinement and spontaneous chiral symmetry breaking; in that phase it is a consequence of the physical requirement that the momentumdependent dynamically generated effective fermion mass
must satisfy the constraint lim k→∞ m(k) = 0, where k is the Euclidean momentum. In the upper and middle parts of the interval I IRZ in the NACP, the values of γ IR,nℓ calculated in the conventional series expansion in powers of α IR,nℓ obey this upper bound. However, for a given N c , toward the lower end of the respective inter-vals I IRZ , the IR coupling α IR,nℓ become too large for the perturbative calculations to be applicable, and some resultant values of the anomalous dimensions exceed the bound (4.14). This occurs for the scheme-independent two-loop values γIR, 2ℓ for N f = 6, 7 if N c = 2; for N f = 9, 10 if N c = 3, and for 11 ≤ N f ≤ 14 if N f = 4. In these cases, since it is not clear that the higher-order values γ IR,nℓ are reliable, we leave them unlisted (u), as we did in [22] . From these calculations and the entries in Table IV , one of the important advances achieved by the schemeindependent ∆ f expansion is evident, namely that the values of γ IR,∆ p f with 1 ≤ p ≤ 3 (and, for SU(3) also p = 4 in [11] ) that we calculate via this method obey the upper bound (4.14) throughout all of the interval I IRZ and associated non-Abelian Coulomb phase, in contrast with some of the values calculated via the conventional loop expansion toward the lower end of I IRZ . In general, for all of the N c values considered, our results for γ IR,∆ p f here satisfy the upper bound (4.14) and hence are consistent with the conclusion that the ∆ f expansion is reasonably reliable throughout the interval I IRZ and non-Abelian Coulomb phase. We regard this, together with the scheme-independence itself, as being a major advantage of the ∆ f expansion.
F. LNN Limit for γψ ψ,IR
Here we consider theories with G = SU(N c ) and N f copies of fermions in the representation R = F in the LNN limit (5.26). We recall that in this LNN limit, the interval I IRZ is given by Eq. (5.32) and the scaled ∆ r is defined by Eq. (5.33). We define rescaled coefficientsκ n κ n ≡ lim Nc→∞ N n c κ n (6.23) that are finite in this LNN limit. The anomalous dimension γψ ψ,IR is also finite in this limit and is given by
From (5.32), it follows that as r decreases from r b1z to r b2z , ∆ r increases from 0 to the its maximal value (∆ r ) max = 75 26 = 2.8846 for r ∈ I IRZ,r . (6.25)
From the results for κ n , n = 1, 2, 3 in [9] or the special cases given above for G = SU(N c ) and R = F in Eqs. is a monotonically increasing function of the order of calculation, p. Interestingly, as r decreases toward the lower end of the interval I IRZ,r at r = r b2z = 34/13 = 2.6154, the value of γψ ψ,IR calculated to the highest order in this LNN limit, namely O(∆ 3 r ) is slightly less than 1. This is similar to the behavior that was found for the specific cases of SU(2) and SU(3) gauge groups and R = F in [9] and for SU(3) with γψ ψ,IR calculated to the next order, O(∆ 4 r ) in [11] . As discussed above, our calculations of γψ ψ,IR via the ∆ f expansion, both for specific values of N c and in the LNN limit, have yielded results satisfying the upper bound (4.14) throughout the interval I IRZ . These results support the conclusion that the small-∆ f series expansion is reliable throughout this interval I IRZ and associated non-Abelian Coulomb phase. It is also worthwhile to obtain an estimate of the range of applicability of the small-∆ f series expansion via a different method, the aforementioned ratio test. From the coefficientsκ n that we have calculated with 1 ≤ n ≤ 3, we compute the Recalling that the maximal value of ∆ r in the interval I IRZ,r is 2.885 (Eq. (5.49), these ratios are again consistent with the inference that the small-∆ r series expansion may be reasonably accurate in this interval I IRZ . Since r has a maximal value of 5.5 in this LNN limit, the above ratios also suggest that one could not reliably apply the small ∆ r expansion down to small r (see also [63] ). This is in agreement with the fact that the properties of theory change qualitatively as r decreases below r c in Eq. (5.34); in particular, there is spontaneous chiral symmetry breaking at small r
G. Analysis with Padé Approximants
To get further insight into the behavior of γψ ψ,IR , we shall calculate and analyze Padé approximants (PAs) [64] . For this purpose, we shall use the a reduced function normalized to unity at ∆ f = 0, namelȳ The first of these, at ∆ r = 4.5425, is well beyond (∆ r ) max = 2.885 so that the [0,2] PA is finite for all r ∈ I IRZ,r , and the second is also irrelevant, since it corresponds to the value, r = 72, far beyond the AF interval, r ∈ [0, 34/13] . The irrelevance of these poles in the Padé approximants is in agreement with the conclusion that we have reached from our other methods that the small-∆ f expansion is reasonably reliable throughout the interval I IRZ and related non-Abelian Coulomb phase. In Table  V , and [0, 2] γψ ψ,IR,∆ 3 r . As r decreases in this interval I IRZ,r , the values of the anomalous dimension calculated in the various different ways begin to exhibit small deviations from each other, and, as expected, these deviations become larger as r descends toward the lower end of the interval I IRZ,r . A. Calculation for General G and R In this section we present a scheme-independent calculation of the anomalous dimension of the (gaugeinvariant) bilinear fermion antisymmetric rank-2 Dirac tensor operators evaluated at α IR . The flavor-nonsinglet and flavor-singlet tensor operators of this type are
VII. SCHEME-INDEPENDENT CALCULATION OF ANOMALOUS DIMENSION γT,IR TO O(∆
where, as defined before,
, is a generator of algebra of SU(N f ), and
is the usual antisymmetric rank-2 Dirac tensor. As was true of the operators J 0,f ns and J 0,f s , the anomalous dimensions of J 2,f ns and J 2,f s are equal (e.g., [46] ), so we will denote both with the single symbol γ T (T for tensor) and the evaluation at α IR as γ T,IR . The usual power series expansion for γ T in powers of a is
The c T,ℓ have been calculated up to ℓ = 3 loop order in [46, 65] . We write the scheme-independent expansion of this anomalous dimension as
and denote the truncation of this series at maximal power n = p as γ T,IR,∆ p f . For general gauge group G and fermion representation R, using the three-loop results from [46, 65] together with the four-loop beta function coefficients b ℓ with 1 ≤ ℓ ≤ 4 [3, 4, 13, 14] , we calculate the following coefficients in the scheme-independent expansion of γ T,IR
We note that
B. Evalulation for G = SU(Nc) and R = F As we did with the κ n coefficients, we exhibit the reduction of these general formulas for the gauge group G = SU(N c ) with N f fermions in the representation R = F . In accordance with Eq. (7.9), we obtain
The coefficient κ T,1,SU(Nc),F is manifestly negative for all N c ≥ 2, and this is also true of κ T,2,SU(Nc),F , while we find that κ T,3,SU(Nc),F is positive for all N c ≥ 2.
C. LNN Limit for γT,IR
Here we evaluate the κ T,n and γ T,IR in the LNN limit. The rescaled quantities that are finite in this limit are the analogues of those that we defined and studied for γψ ψ,IR in section VI F. We calculatê have the valueŝ
14) As another interesting comparison, we evaluate our general expressions for the κ T,n in the special case where the gauge group is G = SU(3) and the fermion representation is R = F . We find Thus, the leading two terms in the ∆ f expansion for J 2 are negative, with the coefficient of ∆ 3 f being positive but smaller in magnitude. These results may be contrasted to those obtained in [9] for κ n ≡ κψ ψ,n with 1 ≤ n ≤ 3 and in [11] for n = 4 for this SU(3) theory with R = F , which are listed above in (6.11)-(6.14). We have computed ratios of the magnitudes of successive coefficients as before and again infer that the small-∆ f expansion can be reliable in the interval I IRZ . Thus, the signs of the first three coefficients κ T,n,SU(Nc),adj are the same as those of the coefficients κ T,n,SU(Nc),F . These are summarized in Table  I .
E. Evaluation for R = adj

VIII. CONCLUSIONS
In conclusion, in this paper we have presented a number of new results on scheme-independent calculations of various quantities in an asymptotically free vectorial gauge theory having an IR zero of the beta function. We consider a theory with a (non-Abelian) gauge group G and N f fermions in a representation R of G. First, we have calculated the derivative β ′ IR , equivalent to γ , which, in the case of SU(3), could be compared with our calculation of this anomalous dimension. Second, we have given more details on the scheme-independent analysis of γψ ψ,IR studied earlier in [9] and [11] , including explicit analytic results for G = SU(N c ) with fermions in the fundamental and adjoint representations. In the former case, we have also investigated the LNN limit (5.26), calculated Padé approximants, and compared with results from the conventional higher-loop calculation of this anomalous dimension. Our results are useful for comparisons with lattice measurements of γψ ψ,IR and for the fundamental question of the value of N f,cr and whether γψ ψ,IR saturates its upper bound at the lower end of the conformal non-Abelian Coulomb phase. Moreover, the type of theory considered here may be relevant for ultraviolet extensions of the Standard Model. Third, we have presented a scheme-independent calculation to order ∆ 3 f of the anomalous dimension γ T,IR of the (flavornonsinglet and flavor-singlet) bilinear fermion antisymmetric rank-2 Dirac tensor operators. We have shown that our scheme-independent calculations of the anomalous dimensions of Tr(F µν F µν ) and various fermion bilinear operators in the non-Abelian Coulomb phase obey respective rigorous upper bounds for conformally invariant theories. This, together with other inputs including Padé approximants indicates that the series expansions in powers of ∆ f should be reasonably accurate throughout the non-Abelian Coulomb phase. We believe that the results presented here show the value of scheme-independent expansions of quantities evaluated at an infrared zero of the beta function in gauge theories. [9, 11] and the text here, the schemeindependent calculation of β ′ IR to order ∆ p f uses the b ℓ up to loop order ℓ = p and the SI calculation of γψ ψ,IR to order ∆ p Eq. (7) of that paper, the term −144T for gauge group G = SU(Nc) and fermion representation R = F (fundamental) and R = adj (adjoint). Several results on signs actually apply more generally for arbitrary G and R; see text for details. For G = SU(3), we have also calculated d 5,F in Eq. (5.20) and find that it is negative. The entry for κ 4,F applies for G = SU(3) (see Eq. (6.14)), as calculated in [11] , and this is indicated by the ( * ). The entry NA means "not available", i.e. the coefficient has not yet been calculated. . The notation ae-n means a × 10 −n . The notation − means that the entry has not been calculated. 
